We find the sharp range for boundedness of the discrete bilinear spherical maximal function for dimensions d ě 5. That is, we show that this operator is bounded on l p pZ d qˆl q pZ d q Ñ l r pZ d q for 1 p`1 q ď 1 r and r ą d 2d´2 and we show this range is sharp. Our approach mirrors that used by Jeong and Lee in the continuous setting. For dimensions d " 3, 4, our previous work, which used different techniques, still gives the best known bounds. We also prove analogous results for higher degree k, ℓ-linear operators.
Introduction
In the work [2] , the authors used the Circle Method from analytic number theory to show bounds for the discrete bilinear spherical maximal functions on the range l p pZ d qˆl q pZ d q Ñ l r pZ d q for 1 p`1 q ď 1 r and r ą d d´2 for all dimensions d ě 3, as well as analogous multilinear results. In this followup work, we show that the argument used by Jeong and Lee to show the sharp range for the continuous bilinear spherical maximal function [6] can be adapted to the discrete setting for dimensions d ě 5; moreover, through testing specific functions, we show that this range is sharp. Therefore, as in the linear setting, the discrete bounds are truly different from the continuous ones. We emphasize that this technique does not appear to work in dimensions 3 and 4; therefore the bounds in [2] are still the best known for these cases. An interesting open question would thus be to see if one can determine the sharp bounds for these two cases.
We also have results for the multilinear and higher degree bounds. The multilinear bounds use an induction argument, and these bounds are also sharp. The higher degree bounds use information from [1] on the current best bounds for the linear degree k spherical operator. We state these results first for the ℓ-linear, degree 2 setting since these are easier to state and are also sharp. We then state the bounds for the ℓ-linear, degree k version (which actually yields the previous case as a corollary). The linear degree k spherical maximal function is conjectured to be bounded on the sharp range p ą d d´k ; if this was true then our bounde would also be sharp. Therefore any improvements to bounds in the linear degree k setting directly improve the ℓ-linear degree k results. We comment that we have a similar loss in dimensionality when compared with [2] ; that is, for the ℓ-linear (in Z ld ), degree 2 setting, the observation that we show requires that d ě 5 compared with d ą 4{ℓ in [2] .
All the precise statements and proofs appear in the next section. We begin with the sharp bounds for the bilinear operator, then move to the multlinear and we close with an account of the higher degree version. We refer the reader to our previous work [2] and the references therein for more background and history on the topic.
We remark that the observation that the technique of Jeong and Lee carries over in the discrete setting was independently discovered by Michael Lacey and communicated to us [7] . Due to the interest in the problem, we decided to make our observations public; we are interested in addressing applications and extensions in future work.
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Statements and proofs
Recall that the discrete bilinear spherical averages can be written as
λu is the number of lattice points on the sphere of radius λ 1{2 in R 2d , which is λ d´1 by the Hardy-Littlewood asymptotic for all d ě 3. We define the corresponding discrete bilinear spherical maximal operator as
We will prove the following:
and p, q ą 1. Moreover this range is sharp.
Proof. We start with the first claim. Jeong and Lee cleverly decomposed the continuous operator into a pointwise product of a Hardy-Littlewood maximal function and a (sub)linear spherical maximal function. Here we employ the same technique, which manifests itself nicely in the discrete setting. We have
Next notice that
where S is the (discrete) linear spherical maximal function. Therefore
where M is the usual (discrete) Hardy-Littlewood maximal function. Now since M is bounded on l p pZ d q for all p ą 1 and S is bounded on l q pZ d q for all q ą d d´2 , by Hölder's inequality and the nesting properties of the discrete L p spaces, we get l p pZ d qˆl q pZ d q Ñ l r pZ d q bounds for all p ą 1, q ą d d´2 and r ą d 2d´2 where 1 p`1 q ď 1 r . Note that this argument only works for d ě 5 since it depends on the Hardy-Littlewood asymptotic in Z d (not Z 2d q and the boundedness of the corresponding linear spherical maximal function. Now we show that r ą d 2d´2 is the sharp range. Choose f " χ L where L " r´L, Ls d for some L ě 1, and g " δ 0 . We have that f P l p pZ d q and g P l q pZ d q. Then
{r by choosing λ " 2|x| 2 , so that |u| 2 " |x| 2 and u P x´L, the above is 2d´2 . This argument relies on the fact that the sphere |u| 2 " |x| 2 has at least one lattice point, due to Lagrange's three and four square theorem, this necessary condition carries over for d " 3, 4.
Remark 1. This result can easily be upgraded to weak type restricted estimates at endpoints using known endpoint estimates for the Hardy-Littlewood maximal function and endpoint estimates for the spherical maximal function. For the latter see the works of Ionescu [5] and Hughes [4] . Similar comments also apply to all results stated below.
We now comment on multilinear results. We first state the result in the degree 2 setting due to simplicity and to give an idea of the procedure. We then extend it to the more general degree k setting.
. . , p ℓ ą 1 and d ě 5. Remark 2. Again, this is worse dimensionally than the dependence of d ą 4{ℓ obtained in [2] (albeit for a suboptimal range of exponents). When ℓ ě 5 and d " 1, see also [3] for a related estimate.
Proof. In the l-linear setting, the count Npλq is approximately λ ℓd 2´1 as long as d ą 4{ℓ. We can apply the same argument as in Theorem 1 to bound T˚by a pointwise product of M times the pℓ´1q-linear spherical maximal function. We argue by induction that this is bounded on l p 1 pZ d qˆ. . .ˆl p l pZ d q Ñ l r pZ d q where 1 p 1`. . .`1 p l ď 1 r , p 1 , . . . , p ℓ ą 1, r ą d ℓd´2 and d ě 5,
To comment on sharpness in the ℓ-linear setting, we extend our results to degree k spheres, k ě 3, k P Z (if k is odd, we assume that y k " |y| k ). Recall that the ℓ-linear degree k discrete spherical averages are defined as:
here Npλq is asymptotic to λ ℓd k´1 for all d ą d 0 pkq{ℓ. The best known values of d 0 pkq, to the best of our knowledge, are contained in [1] . For example, for k " 3, we would need d ą 10{3. We define the maximal function T˚analogously.
Also define
where δ 0 pd, kq, defined on page 2 of [1] , relates to the best known bounds for the discrete linear degree k operator. Finally define
This p 0 pd, kq provides the best known l p bounds for the discrete linear operator, and is conjectured to be equal to d d´k for all k ě 3. See [1] for more details. We will prove: Theorem 2. T˚pf 1 , . . . , f ℓ q is bounded on l p 1 pZ d qˆ. . .ˆl p l pZ d q Ñ l r pZ d q, 1 p 1`. . .`1 p l ď 1 r , r ą maxtr 0 pd, kq, d ℓd´k u, p 1 , . . . , p ℓ ą 1 and d ą d 0 pkq. Moreover, the bound r ą d ℓd´k is a necessary condition.
Proof. We begin with the first claim. Using the Hardy-Littlewood asymptotic, we get that
where M k is the discrete Hardy-Littlewood maximal function defined over k-balls and S ℓ´1 k is the discrete ℓ´1 linear k spherical maximal function; this is true for any re-arrangement of the functions. Again, using induction, we see that S ℓ´1 k is bounded on l p 2 pZ d qˆ. . .ˆl p l pZ d q, for all p 2 , . . . p ℓ´1 ą 1, p ℓ ą p 0 pd, kq, d ą d 0 pkq, while M k is bounded for all p 1 ą 1. By Hölder's inequality, we get the range of r.
If we knew that the discrete linear k spherical maximal function was bounded on the conjectured sharp range of p 0 pd, kq " d d´k , then we would have r ą d ℓd´k , which is the necessary condition that we claim. Now we show this necessary condition. We modify the earlier example. Choose f 1 " χ L where L " r´L, Ls d for some L ě 1, and f 2 , . . . , f ℓ " δ 0 . Then } sup λPN |T λ pf 1 , . . . , f ℓ qq} l r pZ d q "ˆÿ ℓd´k , which matches the sharp range for k " 2. Since this proof of the necessary condition does not rely on the bounds for the discrete degree k spherical maximal function, we can actually dip lower dimensionally than d 0 pkq here. In particular, here we can have d ě 4k when k ě 4 is a power of 2 and d ě 3 2 k otherwise [8].
